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ABSTRACT. The problem of existence of solutions to the initial value
problem x’' = f(z, x), x(to) =xq €F, where fE€ C[[ty, 2y + al XF,E],Fis
a locally closed subset of a Banach space E is considered. Nonlinear comparison
functions and dissipative type conditions in terms of Lyapunov-like functions
are employed. A new comparison theorem is established which helps in sur-
mounting the difficulties that arise in this general setup.

1. Introduction. Recently, in an interesting paper, Martin [4] considers the
initial value problem

x' = f(t, x), x(ty) = Xo>

in a closed subset of a Banach space employing a dissipative type condition in
terms of a generalized pairing, namely,

(1.1) (f@t,x) - 1@, y), x - y), <Llx-yl>.

The results obtained in [4] crucially depend on the properties of (x, ), and the
linearity of the comparison function g(¢, u) = Lu and are technical. Even to
replace the right-hand side of (1.1) by a nonlinear comparison function poses a
difficult problem.

In this paper, we extend the existence results in [4], [S] using nonlinear
comparison functions and dissipative type conditions in terms of Lyapunov-like
functions. A new comparison result (Theorem 2.4) needed to surmount the
difficulties is established and employed to prove the general results. The use of
Lyapunov-like functions instead of the norm also raises nontrivial problems. For
recent results dealing with similar problems see the references in [2], [3], [4].

2. Preliminary results. Let E be a real Banach space and let || || denote the
norm on E. Let F C E be a locally closed set, that is, for each x, € F, there
exists a b > 0 such that Fy = F N B(x,, b) is closed in E where B(x,, b) =
[x €E: llx — x,ll <b]. Let R* denote the nonnegative real line and let
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ty € R*. We consider the differential equation
(2.1) x' =1t x), x(ty) =x,E€F.

We list the following assumptions which we use frequently.

(A)) FEC[lty, ty +a] x F, E] and the numbers @, b > 0, M > 1 are
chosen such that || f(t, )l <M — 1,0n [ty, t, +a] x F,.

(A;) lim,_,, h~Yd[x + hf(t, x), F] =0, (t, x) € [t,, ty +a] x F, where
d(x, F) = inf[llx — yll: y € F].

(A;) g€ Cl[ty, to +al x R*,R],g(t, 0)=0 and u =0 is the unique
solution of

2.2) u' =g(t,u), ulty)=0,

on [ty, ty +al.
(A4) Ve C[[to’ to + a] x B(xOs b) X B(xoy b)’R+] ’ V(t’ X, X) = 0’
Ve, x, ) >0ifx #y,

|V(t’ xl’yl) - V(t: X3, y2)l <L[llx - X, I+ "y —yl"]’

if {x,}, {y,} are sequences in B(x,, b) such that lim,_,,, V(t, x,,y,) = 0, then
lim, . llx, — y,Il = 0and for t € [ty, t, +al,x,y €F,,

D*W¢, x, y) = lim sup %[V(t + h, x + hf(t, x),y + h(t, ¥))—- V¢, x, y)]
aot
23) h=0
<g(, Vt, x, y).

(Ag) VEC[B(xy,b),R*], V(0) =0, V(x) >0, x #0, if lim,_, , V(x,)
= 0 with x,, € B(x,, b), then lim,,_, . |lx, |l = O and there exists a mapping
M: B(x,, b) x E — R such that:

(@) Mlx, y] is upper semicontinuous, i.., if lim,_, ..(x,, ¥,) = (x, y) then
lim sup,,_,, M[x,,»,] <M[x, y];

®) V(x+y) - V(x) <M[x y] + o(bll), x, x +y € B(x,, b);

(©) M[x, \7y] <AMM|x, y],A>0,x € B(x,, b),y EE;

@) Mlx, p, +y,] <Mlx, y,] + Nixllly,l, N >0, x € B(xo, b, »,,
y, €EE.

() M[x —y, f(t, x) — f(t, )] <g(t, V(x - ), x, yEFy,t E[ty,t, +al.

The construction of a sequence of approximate solutions for (2.1) and the
proof that the limit function, when it exists, is a solution of (2.1) is assured by
the following results.

LEMMA 2.1. Suppose that assumptions (A,) and (A,) hold. Let {e,} be
a sequence of numbers such that €, € (0, 1) and lim,,_,, €, = 0. Then for each
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positive integer n, problem (2.1) has an €,-approximate solution x,, from
[to, to + a] into B(x,, b) in the following sense: There exists a nondecreasing
sequence {t;} in [to, ty + a] such that
G) tg =ty 1] <ty if 1} <ty +a, t}, — 1] <e,andlimt;=t, +a;
(i) x,(ty) = xq and |lx,(£) — x, (DI <Mt —sl, t,s € [ty, ty +a];
(i) x,(t}) € F, and x,(?) is linear on [t;, t;, ] for each i
v) if 1} <ty +aand t € (1}, 1}, ), then llx,(t) — (e}, x,(tP)I <€,;
™ if ¢, y)E 7, 7,1 x Fwith ||y — x, (I <}, — t{M, then
W@, y) = 1@, x, (G < e,,.

LEMMA 2.2. Suppose that the assumptions of Lemma 2.1 hold and that
lim,,_,, x,(¢) = x(¥) for each t € [t,, t, + a]. Then x(¢) is a solution for prob-
lem (2.1)on [ty, ty + a).

For a proof of Lemmas 2.1 and 2.2 see [4].

LeEMMA 2.3. Let g€ C[R* x R*, R] and let the maximal solution r(t)
of the scalar differential equation

(24) u =gt u), ulty)=uy=>0, t,ERY,
exist on [ty, ©9). Suppose that [ty, t;] C R*. Then there exists an € >0
such that for 0 < e < ¢,, the maximal solution r(t, €) of
u' =g(t,u) +e, ulty)=uy +e,
exists on [ty, t,] and lim__, ., K¢, €) = K(f) uniformly on [t,, t,].

THEOREM 2.1. Let g € C[R* x R*, R], m € C[R*, R*] and Dm(t) <
g(t, m(1)), t € [ty, ») — S, where S is a countable subset of [t,, ) and D is any
one of the Dini derivatives. Suppose that the maximal solution n(t) of (2.4)
exists on [ty, ) and m(ty) <uy. Then m(t) < (1), t > t,.

For a proof of Lemma 2.3 and Theorem 2.1 see [1, pp. 13, 15].

THEOREM 2.2. Let m(t) > 0 be right continuous on [t, «) with isolated
discontinuities at t,, k = 1,2, ..., t; > t,, such that |m(t,) — m(tg) <\,
where Z7_, N, is convergent. Let g € C[R* x R*, R], g(t, u) nondecreasing
in u for each t, and

Dm(t) <g(t, m(t)), t€[t,,t;;], k=0,1,2,...

Then m(t,) < u, implies that

m(t)<r<t, to U+ 2 )\>, t>t,,
k=1
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where 1(t, t,, u,) is the maximal solution of (2.4) existing on [ty, ).
ProoFr. By Theorem 2.1, we have
2.5) m) <ro(®), 1€ [ty 1)),
and m(s) <r,(t), t € [t;, t,), where ry(¢) and r,(f) are the maximal solutions of

(2.6 u' =g, u),
starting at (¢, m(t,)) and (¢, m(t,)) respectively. Since m(¢,) < (¢7) + A, and
ri(® <g(t, r (D), by Theorem 2.1, it follows that m(£) <ry,(?), t € [t, 1,),
where r,,(f) is the maximal solution of (2.6) through (¢,, m(ty) + \,). By (2.5),
m(ty) <ry(t,) and therefore, again applying Theorem 2.1, we get m(f) <r;,(?),
t € [t,, t,), where r, () is the maximal solution of (2.6) through (¢;, ro(2,) +1,).
Define a function py(¢) as follows:

r® +27, te€[ty, 1],

po() =
rlz(t), te [tl , tz).

Note that p(¢) is well defined. Now, by the monotonicity of g(t, u),

ph() = (D) = g(t, ro(0) <g(t. ro(®) + ) =8(t, o), ¢ € [, 141,

and
po() = ry2(0) = 8(t, 1y, () = 8(t, po(M), 1€ [ty,1,).
Hence po(t) <g(t, po(1), t € [t,, t,), which yields, by Theorem 2.1,
po() SRy(@), tE [ty 1),

where R,(¢) is the maximal solution of (2.6) with Ry(¢y) = m(ty) + ;. Clearly
m(t) < po(t) <Ry (D), t € [ty, t,). Proceeding in the same way and arguing as
before, we obtain m(f) < R,(t), t € [t,, t3), where R (¢) is the maximal solution
of (2.6) through (ty, m(ty) + A, + ;). It therefore follows, repeating the
arguments successively,

m(f) < ré, to, mlte) + 2 )\k>, t>tg,
k=1

where (¢, t,, u,) is the maximal solution of (2.4) and the proof is complete.

To prove an existence result in a general case, it becomes necessary to con-
struct an appropriate sequence of right continuous functions with isolated discon-
tinuities and then employ Theorem 2.2. The next lemma serves this purpose but
employs (A;) since (A,) is not strong enough.



DIFFERENTIAL EQUATIONS ON SUBSETS OF BANACH SPACE 107

LEMMA 24. Let m, n be positive integers and let the sequence {t,} be
the minimal refinement of the sequences {t['}, {t/"}. Assume that (A)), (A,),
(A;), and (A;) hold. Then there exists a sequence of functions { Yp} from
[ty to +a] into B(x,, b) satisfying the following properties:

@ 1yp(@) —xoll SM(t - t,) and 1|y, () =Y, <Mt - sl 8, s €

[ty tii ]l m<p<nm;

() y,(tys 1) EFgop=m, n;

(iii) for all but a countable number of t € [t,, t,, ), ¥,(t) exists such

that
M[y,(©) = Y (), Yo () = 31 (D]
<gt, (&) =y, ON+ A + Ny, () = 3,0, + ¢€,):
W) e, 0" <ty <ty <ty 1]}, then
@ Ynsr) = X,(txsy) Wty =ty

Yulis1) =Vultesr) ity <tlyy,
and ||y,(8) — x, (O <3(t - t])e,, t € [ty, tyy 1)
Ymrs1) = Xp(tiyy) ity =173,
V(s 1) = Vm(esr) ity <thiy,
and 119, (1) = %, (O <3t = /)€, t € [ths tiey 1)

W) Wypefey) =y, (2 DI <3(th, - tP)e,, p = m, n, i being an
integer.

(b)

This lemma is an extension of Lemma 1 in [4] and consequently we only
indicate changes in the proof.

PROOF. Let k be a nonnegative integer and suppose that yp(t), p=nm,
is defined on [¢,, ¢, ] satisfying the properties on [t,, #,]. To show that y,(0)
can be suitably extended to [t,, ¢, ,], we define inductively the sequence {sg}
and y,(r) on [t;,5,4,] as follows: if s, =1, ,, thens,,, = t; ., and if
Sq <Ir41»Welets, , =s, +7, where 7, >0 is such that
1) Sq F Vg Stisrs
)] d[yp(sg) +75f(54: ¥, F1 <7,4€,12, p=m, n;

B M(y(sy) + %) = Imsg) + ), £G4, ¥u(5,)) = F(5qs Y (s, )]
ey + 0, V(3,(s0) +x =y p(s) = 1)) + €, + €
whenever |x]l, Iyl < 'qu and 0 <0 <y,.

4, 74 is the largest number satisfying (1) to (3).

The condition (A,), (a) and (e) of (A,) imply that 7q > 0. Using (2), for
D =m,n, let yp(sq +1) € F such that

Q@7) 17p(s) + (g1 = 3)M(5qs p(5)) = ¥p(q4 1 < (541 = 5,
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and for t € (sq, q+l) define
(28) ¥ = [t = s)7p(5541) + Gqur ~DYp(s)1 (g1 — 507"
It is easy to see that y (s, 1) € Fy, [1y,(t) =y, ()l <Mt — sl, and
ly, (@) — xoll SM(t - t5), t, s € [t;, 554, ]. Thus (1) holds for # € [tks Sq+1)-
Moreover, by (2.7) and (2.8), it follows that
(29) Iyo(® = fsg 7y S € 1€ (gs Squy)-
Since [1y,(?) =Y <y Mand |t - Sql S 7g» e get from (2.9), (3) and
(d) of (A),
M[3,(0) = 7, (0), P (®) = Y ()]
SMY ) = VD), 65 Yu(59)) = f(5q> Ym(5))]
+ NIy, () =y Ol + €pn)
<g(t, V(p®) = @) + (1 + Nyp() = ynOep + €m):

for t € (s,, 5, +1)- Hence (iii) is true for ¢ € [t;, s, 1)- The rest of the proof
is very much the same as the proof of Lemma 1 in [4] with appropriate changes.
In particular (x, y), has to be replaced by M[x, y]. We therefore omit the
remaining details.

Finally we need the following result which relates M[x(¢), x'(¢)] to
D_ V(x(2)) for any differentiable function x(z). This is required relative to con-
dition (As).

LEMMA 2.5. Assume (A;). Let x(t) be any differentiable function on
[ty, to +a] into B(xgy, b). Then

D V(x(D)) <M[x(0),x'(1)], tE€ [ty,ty +al.

For a proof of this lemma and use of assumptions like (A;) see [6, pp. 142,
144].

3. Main existence results. We begin with a simple but illustrative existence
result which is in the spirit of Wazewski [5].

THEOREM 3.1. Assume that conditions (A,),(A,) and (A;) hold. Suppose
further that for t € [ty, t, +al],x, y €EF,,

(ERY) G, x) — f@&, P <g@, lx - yl),

and g(t, u) is nondecreasing in u for each t. Then problem (2.1) has a unique
solution on [ty, ty +a].

PROOF. Let n, m be positive integers and let m(¢) = llx,(t) — x,,(Oll,
tE [ty to +al. €}, 7)) N, 8§ ,), then
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D*m(z) < llx () = x,, (Ol
TS X (1) — F@", %, NI+ Wx, (@) = £C], x, @Y
+1x7,(8) = FE™ XTI
By (iv) of Lemma 2.1 and (3.1), we get
B2 D*m() <& 1%, () — %, @M + 2Ae, +e€,)-
Now using (i) and (ii) of Lemma 2.1, we see that
lx,(87) = %, N < Hlx, (7)) = x, (O + 1x,,(O) - x,, O
+ 1x, (™) — %, O
<M(e, +¢€,) + llx, @) — x,, @l
Inequality (3.2) yields, in view of the monotony of g(¢, u) in u and (3.3),
D*m(t) <g(t, m(t) + By p) + N s

(33)

where B, , = M(e, +¢,,) and N, = 2(€, +¢€,,). Setting u(t) = m(r) + Bons
we have DY u(f) <g(t, u(r)) + Nm,n- This inequality holds for all but a countable
number of ¢ € [z, ¢, +a]. Also, Wty) = By, - Hence by Theorem 2.1, we
have

m(t) < w) STua®, tE [ty ty +a],

where r,,, . (¢) is the maximal solution of u’ = g(t, u), u(ty) = By, n- Since
Bin,n> My, = 0 as n, m — oo, we see, by Lemma 2.3, that lim, e Py (8)
= r(¢) uniformly on [¢t,, t, + a], where r(¢) is the maximal solution of 2.2).
By (A;) it follows that m(¢) = 0 on [to. 1o +a],as n, m — . Thus the
sequence {x,(#)} is uniformly Cauchy on [to» to + a] and the existence of a
solution for problem (2.1) follows by Lemma 2.2. The proof of uniqueness of
solutions is standard. Hence the proof is complete.

The improvement of (3.1) even to

lim sup. -l =y + [0t x) = F& M1 = lx = yI] <Gt x - i),
h—0

forx, y €EF, and ¢ € [t,, t, + a], creates several difficulties that demand
additional assumptions. In view of this, we wish to utilize better candidates than

llx = yll. Consequently, the results that follow employ Lyapunov-like functions
and the theory of differential inequalities in a variety of ways.

THEOREM 3.2. Suppose that assumptions (A)) to (A,) hold. Then the
convexity of F, implies that problem (2.1) has a unique solution on [ty 1o +a].
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ProoF. The convexity of F,, implies by (iii) of Lemma 2.1 that x,,(¢) € F,
for all ¢ € [t,y, t, +a]. Let m, n be positive integers and let

m(t) = V(t, x,(t), x,,,(1)), t € [ty, ty +a].

Ifere @}, )N (@™, t73,), then using the Lipschitzian character of V, we

j o2+
have
D*m(t) <lim sup 1Vt + B, %, (0) + I, %), Xpn(0)
0"t
(G4) +hf(t, %, (1)) = V(t, x,(8), X, (D))

+ L{llx,(0) = £, x, (8, x, M+ 11x,, () = 58, x,,, (O] -
Since Ix,,(£) — x,,(¢]Il < M(t - ¢}), by (iv) and (v) of Lemma 2.1,
() = £G2, %, (O < Nxp () = £CF, %, EPN
IS, x,(61)) = £, %, (DN
< 2e,.

Similarly ||x,,(t) — f(t, X, ()|l < 2¢,,. Consequently, we get, because of (2.3)
and (3.4), the different inequality

D¥m(r) < g(t, m() + 2L(e, + €,,),

which is true for all but a countable number of ¢ € [z, t, +a]. Since m(ty)
= 0, Theorem 2.1 gives

mt) <r, n(t t5,0), t€ [ty 5+ al,

where r, (¢, t,, 0) is the maximal solution of u' =g(t, u) + 2L(e, +€,,),
u(ty) =0. By Lemma 2.3, lim,, e Tn m(t to 0) = 1(t, ty, 0) uniformly on
[ty o + @], where H(t, t,, 0) is the maximal solution of (2.2). But by (A;),
n(t, ty,0)=0on [ty, 1y +a]. It therefore follows that

lim  V(, x,(0), x,(0) =0

n,m—oce
and consequently by (A,), the sequence {x,(¢)} is uniformly Cauchy on
[to. to +a]. Hence problem (2.1) has a solution on [t,, ¢, + a).
To prove uniqueness, if x(¢) and y(¢) are two solutions of (2.1), we let
m(t) = V(t, x(£), y(t)) to obtain
Dtm(r) <g(t, m(t)), ¢tE€ [ty,ty +al.
The fact m(t,) = 0 implies, by Theorem 2.1, that m(t) < r(t, ty,0), t €
[to, to +a] where r(t, tg, 0) is the maximal solution of (2.2) which is identi-

cally zero by (A;). Thus m(f) =0 on [t,, ¢, + a] and this completes the proof
of Theorem 3.2.
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The assumption F,, is convex was crucial in the proof of Theorem 3.2. In
general, we have to use different approaches.

THEOREM 3.3. Let assumptions (A,) to (A4) hold except that condition
(2.3) in (A,) is replaced by
lim sup %[V(t +h, x +hf(t, x,), y + hf(x, y,)) — V(2 x, y)]

(3.5) kot
<g(t, V(t, x, )+ P(t — sl + llx = x, 0l +1y =y, 1),

fors, t € [ty, ty +al,x, y EFand x,,y, € F,, where p: R* — R* is non-
decreasing and lim,,_,, p(u) = 0. Then problem (2.1) has a unique solution on
[to: to +a).

PrROOF. Let n, m be positive integers and let m(t) = V(t, x,(¢), x,,,(¢)),
tE€ [ty to +a]. Ift €}, 17 ) O (", t]},), using the Lipschitzian character
of ¥, Lemma 2.1(iv), and (3.5), we get
D*m(t) <lim sup ’1—1[V(t +h, 2, (1) + RECE %, (), %, (0)

h—0
R Xy (G7)) = V@, x,0), X, (ON] + L(e,, +¢,,)
<g(t, m@®) +pllef — 4" + 1x,(®) — %, (¢ + lx,,,(2) — x,,,(87]
+L(e, +e€,)
Since |1} — 1! <€, + €y, l1x,(t) — x, () < Me,, and |lx,,(£) — X, (&)l
< Me,,, and p(u) is nondecreasing in u, we have
D*m(r) <g(t, m@®)) + B, >

where B, , = p[(1 + M), +¢€,)] + L(e, +€,,). Notice that lim,, .., B, m
= 0 in view of the property of p(u), we proceed as in the corresponding part of
the proof of Theorem 3.2, to complete the proof as before.

THEOREM 3.4. Let assumptions (A,), (A,), (A;) and (Ag) hold and let
&(t, u) be nondecreasing in u for each t € [t,, t, + a]. Then problem (2.1)
has a unique solution on [t,, t, +a].

PrROOF. Let m, n be positive integers and let m(t) = V(y,(¢) — y,,(¢)) for
tE€ [ty ty +a], where yp(t) are the functions constructed in Lemma 2.4. Using
Lemma 2.4(iii) and Lemma 2.5, we have

D, m(t) S My, (6) = 7,n(@), 75(®) = y (]
<g(t, m(t)) + (1 + Ny, () =y, O, + €,)s
for t € [t, ty4,). Also, 1y,(8) — (Ol <2(b + llx,ll) = L. Moreover, for
eachk =1,

Im(z,) — ml < L[y, () =y, + 1y, (t) =y @l
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Hence, in view of (iv) and (v) of Lemma 2.4, we obtain
3 Im(t,) —mtpl < 3LI:Z(t;',,,l - the, + izo(t;'_',_l - t;’”)em]
k=1 i=0 =

<3La(e, + €,) =y p-
Furthermore, m(t,) = 0. An application of Theorem 2.2 yields
m(t) <1, ¢ to, Ny )yt E [tg, 1y +al,
where r,, (¢, ¢y, u,) is the maximal solution of
u=g(t,u)+ (L +1)e, te,), ulty)=mn,,-
As before, we can conclude by Lemma 2.1, (A;) and (Ay),
,,,l,i,,"l @ -y, 01 =0

and this implies by Lemma 2.4(iv) that lim,, .., .lIx,,(t) — x,,, (")l = 0. Hence
{x,()} is uniformly Cauchy on [¢,, ¢, + a] and the proof is complete.
REMARKS. In the boundary condition (A,), “lim” may be replaced by
“lim inf”. Similarly, in (A,), one could employ other generalized derivatives
D™V, D_V and D,V in place of D* V. The proofs work without any difficulty.
However, we need conditions (A,) and (A;) as stated, both of which are used in
Theorem 3 4.
Consider the special case V(t, x, ) = llx — yll. Candition (2.3) becomes
lim Sl:_P ,l—llllx =y +h[f@t, x) - f@t ]I - llx - yll] <g@@, IIx = pll),
h—0
which is clearly satisfied when one assumes Perron’s type uniqueness condition
(3.1) in Theorem 3.1.
Let E* be the dual space of £ and let J: E — 2E* be the duality map
defined by

J(x) = [x* €E*: |Ix*| = |Ix]l and x*(x) = [|xI?].
For each x, y € E define the generalized pairings
(x, y)_ = inf[x*(x): x*€J(»)] and (x, Y)i = sup[x*(x): x* €J(»)].
If x, y, z €E E, we have
(x +y,2), <(x 2), + Iyl

Also, if x(t) is a differentiable function on [y, ¢, + a] and m(z) = lIx(£)lI2,

then D~m(r) < 2(x'(s), x(t))_ and D*m(t) < 2(x'(s), x(¢)),.. Consequently,

the assumptions (f(z, x) — f(t, ¥), x — ), <Ll|lx — yl|* imply that the choice
V(t, x, y) = lIx — ylle=2L? is admissible in Theorems 3.2 and 3.3 with g(t, ¥)= 0
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and D*V(t, x, y). For Theorem 3.4 we take V(x) = ||x||®> and M[x, y] = (x, ») +
so that (Ay) is satisfied since (x, y), is upper semicontinuous. These considera-
tions show that our results contain Theorems 1, 2 and 3 in [4] which in turn
include many earlier results.
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